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Exercise 6C 
 

1 a 
2

2

d d5 6 12e
d d

xy y y
x x

+ + =  (1) 

Let y = Aex 
d e
d

xy
x

A=  

2

2

d
d

exy
x

A=  

Substituting into (1) gives: 
6e 5 12ee e xx x xA A A+ + =  

12 12A =  
A = 1 
Hence the particular integral is ex 

2 5 6 0m m+ + =   
( )( )2 3 0m m+ + =  
m = −2 or m = −3 
So the complementary function is: 

3 2e ex xy B C− −= +   
And the general solution is: 

3 2e e ex x xy B C− −= + +  
 
 b 3 2e e ex x xy B C− −= + +   (1) 

3 2d 3 e 2 e e
d

x x xy B C
x

− −= − − +  (2) 

When x = 0, y = 1 and d 0
d
y
x
=  

Substituting into (1) gives: 
1 1B C
B C
= + +
= −

 

Substituting into (2) gives: 
0 3 2 1
3 2 1

B C
B C
= − − +
+ =

  (3) 

Substituting B C= − into (3) gives: 
3 2 1C C− + =  

1C = −  and B = 1 
Therefore: 

3 2e e ex x xy − −= − +  
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2 a 
2

2
2

d d2 12e
d d

xy y
x x

+ =  (1) 

Let y = Ae2x 
2d 2 e

d
x

x
Ay

=  

2

2
2d

d
e4 xAy

x
=  

Substituting into (1) gives: 
2 22e4 4 12ee x xxA A+ =  

8 12A =  
3
2

A =   

Hence the particular integral is 23 e
2

x  
2 2 0m m+ =   
( )2 0m m + =  

m = 0 or m = −2 
So the complementary function is: 

2e xy B C −= +   
And the general solution is: 

2 23e e
2

x xy B C −= + +  

 

 b 2 23e e
2

x xy B C −= + +  (1) 

2 2d 2 e 3e
d

x xy C
x

−= − +  (2) 

When x = 0, y = 2 and d 6
d
y
x
=  

Substituting into (1) gives: 
32
2

B C= + +  

1
2

B C+ =  (3) 

Substituting into (2) gives: 
6 2 3C= − +   

3
2

C = −    

Substituting 3
2

C = − into (3) gives: 

3 1
2 2

B − =  

B = 2 and 3
2

C = −  

Therefore: 
2 23 32 e e

2 2
x xy −= − +  
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3 
2

2

d d 42 14
d d

y y y
x x

− − =  (1) 

Let y = A 
d 0
d
y
x
=  

2

2

d 0
d

y
x

=  

Substituting into (1) gives: 
42 14A− =  

1
3

A = −  

Hence the particular integral is 1
3

−  
2 42 0m m− − =  

( )( )7 6 0m m− + =  
m = 7 or m = −6 
So the complementary function is: 

6 7e ex xy B C−= +   
And the general solution is: 

6 7 1e e
3

x xy B C−= + −  

6 7d 6 e 7 e
d

x xy B C
x

−= − +  

When x = 0, y = 0 and d 1
d 6
y
x
=  

10
3

B C= + −  

1
3

B C= −   (2) 

1 6 7
6

B C= − +  (3) 

Substituting (2) into (3) gives: 
1 16 7
6 3

C C = − − + 
 

 

1 2 6 7
6

C C= − + +  

1313
6

C =  

1
6

C =  and 1
6

B =  

Therefore: 

 6 71 1 1e e
6 6 3

x xy −= + −  
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4 a 
2

2

d 9 16sin
d

y y x
x

+ =  (1) 

Let sin cosy A x B x= +   
d cos sin
d
y A x B x
x
= −  

2

2

d sin cos
d

y A x B x
x

= − −  

Substituting into (1) gives: 
( )sin cos 9 sin cos 16sinA x B x A x B x x− − + + =  

sin cos 9 sin 9 cos 16sinA x B x A x B x x− − + + =  
sin cos 2sinA x B x x+ =  

Comparing coefficients: 
For sin x: 
A = 2 
For cos x: 
B = 0 
Hence the particular integral is 2sin x  

2 9 0m + =   
3im = ±  

So the complementary function is: 
sin 3 cos3y C x D x= +   

And the general solution is: 
sin 3 cos3 2siny C x D x x= + +  

 
 b sin 3 cos3 2siny C x D x x= + +  

d 3 cos3 3 sin 3 2cos
d
y C x D x x
x
= − +  

When x = 0, y = 1 and d 8
d
y
x
=  

1D =  
8 3 2C= +  
C = 2  
Therefore: 

2sin 3 cos3 2siny x x x= + +  
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5 a 
2

2

d d4 4 5 sin 4cos
d d

y y y x x
x x

+ + = +  (1) 

Let sin cosy A x B x= +   
d cos sin
d
y A x B x
x
= −  

2

2

d sin cos
d

y A x B x
x

= − −  

Substituting into (1) gives: 
( ) ( ) ( )4 sin cos 4 cos sin 5 sin cos sin 4cosA x B x A x B x A x B x x x− − + − + + = +  
4 sin 4 cos 4 cos 4 sin 5 sin 5 cos sin 4cosA x B x A x B x A x B x x x− − + − + + = +  
sin 4 sin 4 cos cos sin 4cosA x B x A x B x x x− + + = +  

Comparing coefficients: 
( ) ( )sin 4 cos 4 sin 4cosx A B x A B x x− + + = +  

Comparing coefficients: 
For sin x: 

4 1A B− =  (1) 
For cos x: 
4 4A B+ =  (2) 
Adding 4 × (2) and (1) gives: 
17 17A =  
A = 1 
B = 0 
Hence the particular integral is sin x  

24 4 5 0m m+ + =   

( ) ( )( )
( )

24 4 4 4 5
2 4

4 64
8

4 8i
8

1 i
2

m
− ± −

=

− ± −
=

− ±
=

= − ±

 

So the complementary function is: 

( )
1
2e cos sin

x
y A x B x

−
= +   

And the general solution is: 

( )
1
2e cos sin sin

x
y A x B x x

−
= + +  
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5 b ( )
1
2e cos sin sin

x
y A x B x x

−
= + +  

( ) ( )
1 1
2 2d 1e sin cos cos e cos sin

d 2
x xy A x B x x A x B x

x
− −

= − + + − +  

When x = 0, y = 0 and d 0
d
y
x
=  

0A =  
11 0
2

B A+ − =  

1B = −  
Therefore: 

1
2

1
2

e sin sin

sin 1 e

x

x

y x x

x

−

−

= − +

 
= − 

 

 

 

6 a 
2

2

d d3 2 2 3
d d

x x x t
t t
− + = −  (1) 

Let x At B= +   
d
d
x A
t
=  

2

2

d 0
d

x
t

=  

Substituting into (1) gives: 
( )3 2 2 3A At B t− + + = −  

3 2 2 2 3A At B t− + + = −  
For t: 
2A = 2 
A = 1 
For constant terms: 

3 2 3A B− + = −  
3 2 3B− + = −  

B = 0 
Hence the particular integral is t 
 2 3 2 0m m− + =   
( )( )1 2 0m m− − =  
 m = 1 or m = 2 
So the complementary function is: 

2e et tx C D= +   
And the general solution is: 

2e et tx C D t= + +  
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6 b 2e et tx C D t= + +  
when t = 0, x = 1 and when t =1, x = 2 

1C D+ =  
1C D= −  (1) 

2e e 1 2C D+ + =  
2e e 1C D+ =  (2) 

Substituting (1) into (2) gives: 
( ) 21 e e 1D D− + =  

2 2e e e 1D D− + =  
( ) 2e 1 e 1 eD − = −  

( )
21 e

e 1 e
1 e

e

D −
=

−

+
=

 

1 e1
e

e 1 e
e

1
e

C +
= −

− −
=

= −

 

Therefore: 
21 1 ee e

e e
t tx t+ = − + + 
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7 
2

2

d 9 10sin
d

x x t
t
− =  (1) 

Let cos sinx A t B t= +   
d sin cos
d
x A t B t
t
= − +  

2

2

d cos sin
d

x A t B t
t

= − −  

Substituting into (1) gives: 
( )cos sin 9 cos sin 10sinA t B t A t B t t− − − + =  

cos sin 9 cos 9 sin 10sinA t B t A t B t t− − − − =  
10 cos 10 sin 10sinA t B t t− − =  

For sin t: 
10 10B− =  

1B = −  
For cos t: 

10 0A− =  
A = 0 
Hence the particular integral is −sin t 

2 9 0m − =   
 m = ±3 
So the complementary function is: 

3 3e et tx C D −= +   
And the general solution is: 

3 3e e sint t tx C D − −= +  
3 3d 3 e 3

d
ose ct tx C tD

t
− −= −  

When t = 0, x = 2 and  d 1
d
x
t
= −  

2C D+ =  
13 13C D− − = −  

3 3 0C D− =  
C = D 
C = 1 and D = 1 
Therefore: 

3 3 sine et tx t− −= +  
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8 a i 
2

2
2

d d4 4 3 e
d d

tx x x t
t t
− + =  (1) 

3 2e tx tλ=   
2 2 3 2d 3 e 2 e

d
t tx t t

t
λ λ= +  

2
2 2 2 2 2 3 2

2

2 2 2 3 2

d 6 e 6 e 6 e 4 e
d

6 e 12 e 4 e

t t t t

t t t

x t t t t
t

t t t

λ λ λ λ

λ λ λ

= + + +

= + +

 

Substituting into (1) gives: 
( )2 2 2 3 2 2 2 3 2 3 2 26 e 12 e 4 e 4 3 e 2 e 4 e 3 et t t t t t tt t t t t t tλ λ λ λ λ λ+ + − + + =  

2 2 2 3 2 2 2 3 2 3 2 26 e 12 e 4 e 12 e 8 e 4 e 3 et t t t t t tt t t t t t tλ λ λ λ λ λ+ + − − + =  
2 3 2 3 36 12 4 12 8 4 3t t t t t t tλ λ λ λ λ λ+ + − − + =  

6 3t tλ =  
1
2

λ =  

Hence the particular integral is 3 21 e
2

tt  

 
  ii 2 4 4 0m m− + =  

( )( )2 2 0m m− − =   
m = 2 
So the complementary function is: 

( ) 2e tx A Bt= +   
And the general solution is: 

( ) 2 3 21t e e
2

t tx A B t t= + +  

 

 b ( ) 2 3 21e e
2

t tx A Bt t= + +  

( ) 2 2 3 2 2 2d 32 e e e e
d 2

t t t tx A Bt B t t
t
= + + + +  

When t = 0, x = 0 and  d 1
d
x
t
=  

0A =  
2 1A B+ =  

1B =  
Therefore: 

2 3 21e e
2

t tx t t= +  

   2 21e 1
2

tt t = + 
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9 
2

2

d25 36 18
d

x x
t
+ =  (1) 

Let x A=   
d 0
d
x
t
=  

2

2

d 0
d

x
t

=  

Substituting into (1) gives: 
36 18A =  

1
2

A =  

Hence the particular integral is 1
2

 
225 36 0m + =   

 2 36
25

m = −  

6 i
5

m = ±  

So the complementary function is: 
6 6cos sin
5 5

x B t C t   = +   
   

  

And the general solution is: 
6 6 1cos sin
5 5 2

x B t C t   = + +   
   

 

d 6 6 6 6sin cos
d 5 5 5 5
x B t C t
t

   = − +   
   

 

when t = 0, x = 1 and d 0.6
d
x
t
=  

1 1
2

B + =  

1
2

B =  

6 6
5 10

C =  

1
2

C =  

Therefore: 

 

1 6 1 6 1cos sin
2 5 2 5 2
1 6 6cos sin 1
2 5 5

x t t

t t

   = + +   
   

    = + +        
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10 a 
2

2
2

d d2 2 2
d d

x x x t
t t
− + =  (1) 

Let 2x At Bt C= + +   
d 2
d
x At B
t
= +  

2

2

d 2
d

x A
t

=  

Substituting into (1) gives: 
( ) ( )2 22 2 2 2 2A At B At Bt C t− + + + + =  

2 22 4 2 2 2 2 2A At B At Bt C t− − + + + =  
For t2: 
2A = 2 
A = 1  
For t: 

4 2 0A B− + =  
4 2 0B− + =  

B = 2 
For constant terms: 
2 2 2 0A B C− + =  
2 4 2 0C− + =  
C = 1 
Hence the particular integral is 2 2 1t t+ +  

2 2 2 0m m− + =   

( ) ( )( )
( )

22 2 4 1 2
2 1

2 4
2

m
± − −

=

± −
=

 

1 im = ±  
So the complementary function is: 

( )cos sin etx D t E t= +   
And the general solution is: 

( ) 2cos sin e 2 1tx D t E t t t= + + + +  
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10 b ( ) 2cos sin e 2 1tx D t E t t t= + + + +  

( ) ( )d sin cos e cos sin e 2 2
d

t tx D t E t D t E t t
t
= − + + + + +  

when t = 0, x = 1 and d 3
d
x
t
=  

1 1D + =  
D = 0 

2 3E D+ + =  
1E =  

Therefore: 

( )

2

2

e sin 2 1

e sin 1

t

t

x t t t

t t

= + + +

= + +
 

 

11 a 
2

2
2

d d3 2 3e
d d

xy y
x x

− + =  (1) 

Let y = λxe2x 
2 2ed 2

d
ex x

x
xy λ λ= +  

2
2

2

2 2

2
2d 4 2 2e

d
4

e

e 4

e

e

x x x

x xx

y x
x

λ λ λ

λ λ

= + +

= +

 

Substituting into (1) gives: 
( )2 22 2 2 24 e4e e 3 2 2 3ee ex xx x x xx x xλ λ λ λ λ+ − + + =  

2 22 2 2 2e e4 4 6 2 3ee3e e xx x x x xx x xλ λ λ λ λ+ − − + =  
3λ =  

Hence the particular integral is 3xe2x 
2 3 2 0m m− + =   

( )( )1 2 0m m− − =  
m = 1 or m = 2 
So the complementary function is: 

2e ex xy A B= +   
And the general solution is: 

2 2ee 3e xx xy A B x= + +  
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11 b 2 2ee 3e xx xy A B x= + +  
2 2 2d 3e 2 e 6 ee

d
x xxx xy A B

x
= + + +  

When x = 0, y = 0 and d 0
d
y
x
=  

Substituting into (1) gives: 
0A B+ =  

A B= −  
032A B+ + =  

2 3A B+ = −  
B = −3 
A = 3 
Therefore: 

2 23e 3 e3e xx xy x= − +  
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12 
2

2

d 9 sin 3
d

y y x
x

+ =  (1) 

Let cos3 sin 3y Ax x Bx x= +   
d 3 sin 3 3 cos3 cos3 sin 3
d
y Ax x Bx x A x B x
x
= − + + +  

2

2

d 9 cos3 9 sin 3 6 sin 3 6 cos3
d

y Ax x Bx x A x B x
x

= − − − +  

Substituting into (1) gives: 
( )9 cos3 9 sin 3 6 sin 3 6 cos3 9 cos3 sin 3 sin 3Ax x Bx x A x B x Ax x Bx x x− − − + + + =  

9 cos3 9 sin 3 6 sin 3 6 cos3 9 cos3 9 sin 3 sin 3Ax x Bx x A x B x Ax x Bx x x− − − + + + =  
6 sin 3 6 cos3 sin 3A x B x x− + =  

Comparing coefficients: 
For sin 3x: 

6 1A− =  
1
6

A = −  

For cos 3x: 
6 0B =  
B = 0 

Hence the particular integral is 1 cos3
6

x x−  
2 9 0m + =   

3im = ±  
So the complementary function is: 

sin 3 cos3y C x D x= +   
And the general solution is: 

1sin 3 cos3 cos3
6

y C x D x x x= + −  

d 1 13 cos3 3 sin 3 cos3 sin 3
d 6 2
y C x D x x x x
x
= − − +  

When x = 0, y = 0 and d 0
d
y
x
=  

0D =  
13 0
6

C − =  

1
18

C =  

Therefore: 
1 1sin 3 cos3

18 6
y x x x= −  
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13 a 
2

2

d d5 6 2e
d d

tx x x
t t

−+ + =  (1) 

e tx λ −=   
d e
d

tx
t

λ −= −  

2

2

d e
d

tx
t

λ −=  

Substituting into (1) gives: 
e 5 e 6 e 2et t t tλ λ λ− − − −− + =  

2 2λ =  
1λ =  

Hence the particular integral is e t−  
2 5 6 0m m+ + =  

( )( )2 3 0m m+ + =   
m = −2 or m = −3 
So the complementary function is: 

2 3e et tx A B− −= +   
And the general solution is: 

2 3e e et t tx A B− − −= + +  
2 3d 2 e 3 e e

d
t t tx A B

t
− − −= − − −  

When t = 0, x = 0 and  d 2
d
x
t
=  

1 0A B+ + =  
1A B+ = −  (1) 

2 3 1 2A B− − − =  
2 3 3A B− − =  (2) 

Adding 2 × (1) and (2) gives: 
1B = −  

A = 0 
Therefore: 

3e et tx − −= − +  
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13 b 3e et tx − −= − +  
3d 3e e

d
t tx

t
− −= −  

At a maximum d 0
d
x
t
=   

Therefore: 
33e e 0t t− −− =  
33e et t− −=  

3e 1
e 3

t

t

−

− =  

( )2 1ln e ln
3

t−  =  
 

 

12 ln
3

t  − =  
 

 

1 1ln
2 3

1 ln 3
2

t  = −  
 

=

 

2
3

2

d 9e e
d

t tx
t

− −= − +  

Since 1 ln 3
2

t =  
3 12 ln3 ln3
2 2

2

d 9e e
d

x
t

− −
= − +  

   

3 1
2 2ln3 ln3

3 1
2 2

9e e

9 3 3
1.154..

− −

− −

= − +

= − × +
= −

 

Since this is negative 1 ln 3
2

t =  is a maximum 
3 1ln3 ln3
2 2

3 1
2 2

e e

3 3
1 1
3 27

1 1
3 3 3

1 11
33

2
3 3
2 3

9

x
− −

− −

= − +

= − +

= −

= −

 = − 
 

=

=

 


